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ON THE DISTRIBUTION OF PERTURBATIONS OF PROPAGATED
SCHRO¨DINGER EIGENFUNCTIONS
YAIZA CANZANI, DMITRY JAKOBSON, AND JOHN TOTH
Abstract. Let (M, g0) be a compact Riemmanian manifold of dimension n. Let
P0(h) := −h2∆g + V be the semiclassical Schro¨dinger operator for h ∈ (0, h0], and
let E be a regular value of its principal symbol. Write ϕh for an L
2-normalized
eigenfunction of P0(h) with eigenvalue E(h) ∈ [E − o(1), E + o(1)]. We consider a
smooth family of metric perturbations gu of g0 with u in the product space B
k(ε) =
(−ε, ε)k ⊂ Rk satisfying the admissibility condition in Definition 1. For Pu(h) :=
−h2∆gu + V and small |t| > 0, we define the propagated perturbed eigenfunctions
ϕ
(u)
h,t := e
− i
h
tPu(h)ϕh.
They appear in the mathematical description of the Loschmidt echo effect in physics.
Motivated by random wave conjectures in quantum chaos, we study the distribu-
tion of the real part of the perturbed eigenfunctions regarded as random variables
Re(ϕ
(·)
h,t(x)) : B
k(ε)→ R for x ∈M . In particular, under an admissibility condition
on the metric when (M, g) is chaotic, we compute the h → 0+ asymptotics of the
variance Var[Re(ϕ
(·)
h,t(x))] and show that the odd moments vanish as h→ 0+ as long
as x is not on the generalized caustic set where V (x) = E.
1. Introduction
Let (M, g0) be a compact Riemmanian manifold of dimension n with Laplace oper-
ator ∆g0 = δg0d : C
∞(M)→ C∞(M), and let V ∈ C∞(M) denote a smooth potential
over M . For h ∈ (0, h0], consider the Schro¨dinger operator
P0(h) := −h2∆g0 + V, (1)
and let E be a regular value of its principal symbol p0(x, ξ) := |ξ|2g0(x) +V (x). Write ϕh
for an L2-normalized eigenfunction of P (h) with eigenvalue contained in a shrinking
interval centered at E; that is, P0(h)ϕh = E(h)ϕh and E(h) ∈ [E − o(1), E + o(1)].
Consider a smooth family of perturbations gu of the reference metric g0 with u in
the product space Bk(ε) = (−ε, ε)k ⊂ Rk. The number of parameters k ≥ n is chosen
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sufficiently large (but finite) so that the admissibility condition on the perturbation
gu in Definition 1 is satisfied. We introduce the associated perturbed Schro¨dinger
operators
Pu(h) := −h2∆gu + V, (2)
with principal symbol
pu : T
∗M → T ∗M, pu(x, ξ) := |ξ|2gu + V (x). (3)
Fix t 6= 0 small, independent of h, and define the perturbed propagated eigenfunctions
ϕ
(u)
h,t := e
− i
h
tPu(h)ϕh. (4)
The perturbations satisfy ϕ
(u)
h,t = Φ
(u)
h (t) where Φ
(u)
h (t) denotes the solution at time t
of the Schro¨dinger equation{(
ih ∂∂s − Pu(h)
)
Φ
(u)
h (s) = 0,
Φ
(u)
h (0) = ϕh.
The aim of this paper is to study the h → 0+ asymptotics of the distribution of
ϕ
(u)
h,t , where the latter are regarded as random variables in u ∈ Bk(ε). Specifically, we
compute the variance and all odd moments in the semiclassical limit h→ 0+. To state
our results, we need to define an admissibility condition on the metric perturbations.
Here and throughout the rest of the manuscript we adopt the notation δuα = ∂uα
∣∣
u=0
.
Definition 1 (Admissibility condition). Let gu with u ∈ Bk(ε) be a C∞ metric
perturbation of a reference metric g0. We say that gu is admissible at x ∈M if
A) There exists an n-tuple of coordinates of u, u′ = (u1, . . . , un), for which the Hes-
sian matrices du′dξ(pu(x, ξ)) are invertible for all u ∈ Bk(ε) and all ξ ∈ T ∗xM with
(x, ξ) ∈ p−10 (E − cε, E + cε) where the constant c = c(ε) > 0 is defined in (13).
B) There exists a parameter coordinate uα, a neighborhood W of x, and a function
a ∈ C∞(W,R\{0}) such that δuαg−1u (x) = a(x) g
−1
0 (x) for x ∈ W.
Remark 1. If gu is an admissible at x, then there exists a neighborhood U ⊂M of x
on which condition (A) holds.
We show in Section 5 that the admissibility condition in Definition 1 is satisfied by
a large class of metric perturbations and we also give a geometric interpretation of the
admissibility condition. The tangent space at g0 to the space of all Riemannian metrics
over M can be decomposed into the direct sum of the space of symmetric 2-tensors
with the fixed volume form dvolg0 , and the space of symmetric 2-tensors obtained
by pointwise multiplication of g0. We show that the notion of being admissible is
intrinsically related to having n = dimM volume preserving directions in which the
metric g0 is perturbed (this is condition (A)) and to having one direction in which the
metric can be conformally perturbed (this is condition (B)).
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As a model example, suppose one wishes to perturb the flat metric g0 on the 2-torus
T2. Let x0 ∈ T2 and in a neighborhood W of x0 consider any perturbation gu with
u = (u1, u2, u3, u
′′) ∈ Bk(ε), k ≥ 3, of the form
g−1u (x) = g
−1
0 (x) + h(u1,u2,u3)(x) + hu′′(x), x ∈ W,
where
h(u1,u2,u3)(x) = u1
(
a1(x) b1(x)
b1(x) −a1(x)
)
+ u2
(
a2(x) b2(x)
b2(x) −a2(x)
)
+ u3
(
a3(x) 0
0 a3(x)
)
and hu′′ is any symmetric 2-tensor depending on the left-out variables u
′′ ∈ Bk−3(ε)
and higher powers of u1, u2 and u3. The perturbation gu is admissible at x0 provided
ε is small, a2, a2, a3 ∈ C∞(W), a3 6= 0 in W, and the vector fields (a1(x0), b1(x0)) and
(a2(x0), b2(x0)) are linearly independent. We remark that this admissibility condition
is satisfied on open subsets in the space of all C∞ metric perturbations on T2.
We next describe the sense in which the eigenfunctions ϕ
(u)
h,t are regarded as random
variables in the deformation parameters u ∈ Bk(ε). Consider a cut-off function χ ∈
C∞0 (Bk(ε); [0, 1]) with χ(u) = 1 for u ∈ Bk(ε/2). We introduce the normalization
constant
ck(ε) :=
(∫
Bk(ε)
χ2(u)du
)−1
, (5)
and define the probability measure ν on Bk(ε) by
dν(u) := ck(ε)χ
2(u) du.
The introduction of the cut-off function in the definition of the probability measure
is to ensure that all the integrands we consider, regarded as functions of u, are com-
pactly supported in the interior of the ball, Bk(ε). This is crucial for the h-microlocal
characterization of the variance in Proposition 5.
We view the real part of the perturbed eigenfunctions ϕ
(u)
h,t defined in (4) as random
variables
Re
(
ϕ
(·)
h,t(x)
)
: Bk(ε)→ R
depending on the spatial parameters x ∈ M . Since one can study the distribution
of a random variable such as Re(ϕ
(·)
h,t(x)) by understanding its moments, we dedicate
this paper to study the asymptotics of the variance V ar[Re(ϕ
(·)
h,t(x))] and of the odd
moments E[Re(ϕ(·)h,t(x))]
p in the semiclassical limit ~→ 0+.
Remark 2. Throughout the paper, we write that a condition holds locally uniformly
in a set U whenever it holds uniformly on compact subsets of U .
Our first result holds for general Riemannian manifolds (M, g0).
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Theorem 1. Let (M, g0) be a compact Riemannian manifold of dimension n and let
E be a regular value of p0. Suppose gu is a perturbation of g0 with u ∈ Bk(ε) ⊂ Rk
that is admissible at every x ∈M . Fix a positive integer p˜ ∈ Z+. Then, for ε > 0 and
|t| > 0 sufficiently small, depending on (M, g0) and p˜, there is h0(t, ε) > 0 such that
for h ∈ (0, h0(t, ε)] and x /∈ V −1(E),
(1) There exists a constant C > 0, independent of h, with
V ar
[
Re
(
ϕ
(·)
h,t(x)
)]
≤ C.
(2) For p ∈ Z+ odd with p ≤ p˜,
E
[
Re(ϕ
(·)
h,t(x))
]p
= O(h∞).
These estimates are locally uniform for x /∈ V −1(E).
Remark 3. We note that if gu is admissible for all x ∈M, we prove that as h→ 0+,∫
Bk(ε)
|ϕ(u)h,t (x)|2dν(u) = O(1),
provided ε > 0 and |t| > 0 are sufficiently small. Moreover, this estimate is uniform in
x ∈M. However, the statement of the corresponding result for the variance in Theorem
1 (1) requires the asymptotic vanishing of the mean (the first moment) for which we
require the condition that x /∈ V −1(E) (see (8)).
The assumption x /∈ V −1(E) in Theorem 1 is used in the integration by parts ar-
gument in (33) to estimate the odd moments. At present, we do not know whether
the estimates for odd moments away from these generalized turning points extend uni-
formly to all x ∈M. This assumption is vacuous in the homogeneous case V = 0.
If the metric perturbation gu is admissible, there exist c > 0 and an n-tuple of
u-coordinates denoted by u′ = (u1, . . . , un) ∈ Bn(ε) for which |du′dξp(u′,u′′)(x, η)| 6= 0
at u = 0 provided (x, η) ∈ p−10 (E − cε, E + cε). Using this, we show via an Implicit
Function Theorem argument that one can locally parametrize u′ as a smooth function
of (y, η) ∈ p−10 (E), u′ = u′(y, η) (see (42)). We write u′′ ∈ Bk−n(ε) for the omitted
parameters and the dependence of u′(y, η) on (u′′, x) as parameters is understood. Fur-
thermore, without loss of generality, we assume that the coordinates of u are ordered
so that u = (u′, u′′).
Let Hpu be the Hamiltonian vector field of pu ∈ C∞(T ∗M) and denote by Gsu :
S∗guM → S∗guM the bicharacteristic flow associated to Hpu at time s. In the case
where the manifold (M, g0) has an ergodic geodesic flow G
s
0 : S
∗M → S∗M , we get
asymptotic results for the variance provided we consider quantum ergodic sequences of
eigenfunctions (for a precise definition see (9)). We continue to write χ for the cut-off
function in the definition of the probability measure and ck(ε) for the corresponding
normalizing factor (5).
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Theorem 2. Let (M, g0) be a compact Riemannian manifold of dimension n and let
E be a regular value of p0. Assume the geodesic flow on p
−1
0 (E) is ergodic and that
{ϕh}h∈(0,h0] is a quantum ergodic sequence of L2-normalized eigenfunctions of P0(h).
Suppose gu with u ∈ Bk(ε) is a perturbation of g0 that is admissible at x /∈ V −1(E).
Fix a positive integer p˜ ∈ Z+. Then, for |t| > 0 and ε > 0 sufficiently small, depending
on (M, g0) and p˜,
(1) limh→0+ V ar
[
Re(ϕ
(·)
h,t(x))
]
=
∫
Bk−n(ε)
βkt,x(u
′′) du′′,
where βkt,x : B
k−n(ε)→ R is defined by
βkt,x(u
′′) :=
ck(ε)(1 +O(t))
|t|n|p−10 (E)|
∫
p−10 (E)
| det(dxpiG−t(u′(y,η),u′′)(x, η))|
| det(du′dξ p(u′(y,η),u′′)(x, η))|
χ2(u′(y, η), u′′) dωE(y, η)
(6)
and u′ = u′(y, η) is defined in (42).
(2) For p ∈ Z+ odd with p ≤ p˜,
lim
h→0+
E
[
Re(ϕ
(·)
h,t(x))
]p
= 0.
1.1. Motivation. We proceed to describe two ideas that motivate our work. We first
explain how the underlying ideas in our approach are motivated by the random wave
conjecture. We then relate our results to the physics notion of Loschmidt echo.
Random wave conjecture. In 1977 M. Berry conjectured that the real and imaginary
parts of the eigenfunctions ϕh in the chaotic case resemble random waves, [1]. It is
also believed that the eigenfunctions ϕh of quantum mixing systems behave locally as
independent gaussian variables as h → 0; see for example the discussion in [9] and
references therein. One of the common issues is to define a probability model where
the random functions mimic the chaotic eigenfunctions. This is the role we give to the
perturbations ϕ
(u)
h,t .
Loschmidt echo. A natural way of measuring the noise affecting a given system is
the Loschmidt echo. The idea behind this concept is to measure the sensitivity of
quantum evolution to perturbations, by propagating forward an initial state ψ using
the unperturbed hamiltonian p0, and propagating it back via the perturbed one pu
after time t. Thus, the objects of interest in this case are the states e
it
h
Pu(h)e−
it
h
P0(h)ψ
and the Loschmidt Echo, MLE(t), is defined to be the return probablility to the initial
state:
MLE(t) =
∣∣∣〈e− ith Pu(h)e ith P0(h)ψ,ψ〉∣∣∣2 .
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e−
it
h
P0(h)−−−−−−→ e
it
h
Pu(h)−−−−−→
Illustration of the state of particle initially placed in the center of a square billiard with an irregular
array of 10 circular scatterers with initial momentum pointing to the left [3].
We are interested in the case when the initial state ψ is an eigenfunction, ψ = ϕh. In
this simpler case MLE(t) is called the survival probability [16] and we have
e
it
h
Pu(h)e−
it
h
P0(h)ϕh = e
− itE(h)
h ϕ
(u)
h,t .
To be precise, for an initial state ϕh the Loschmidt Echo is simply
MLE(t) =
∣∣∣〈ϕ(u)h,t , ϕh〉∣∣∣2 .
As the definition shows, the fidelity MLE(t) can be interpreted as the decaying overlap
between the evolution ϕ
(u)
h,t and the unperturbed evolution ϕh, [11, 10, 13].
In recent work [8], Eswarathasan and Toth have proved related results for magnetic
deformations of the Hamiltonian p0(x, ξ) = |ξ|2g0(x) + V (x). We extend their upper
bound results to large families of metric deformations. In additon, we characterize the
asymptotic results in terms of variance and show that all odd moments are negligible.
Although we do not have a rigorous argument at the moment, we hope that by further
developing the methods of the present paper, we will be able to compute the higher even
moments limh→0+ E[Re(ϕ
(·)
h,t(x))]
2p for p ≥ 2, and compare them with the Gaussian
prediction of the random wave model. We plan to return to this question elsewhere.
1.2. Outline of the paper.
In Section 2 we introduce the background material and notation from semiclassical
analysis that we shall use to prove our results. We first show that the perturbations
are semiclassically localized in p−10 (E) and then explain how to microlocally cut off the
propagator e−
it
h
Pu(h) to obtain a localized approximation of ϕ
(u)
h,t .
In Section 3, we study the odd moments of Re(ϕ
(·)
h,t(x)). Provided the metric pertur-
bation satisfies part (B) of the admissibility condition at x∗ ∈M , we prove in Lemma
4 that for fixed p˜ ∈ Z+ and `, q ∈ Z+ with 1 ≤ ` ≤ p˜ and 2q ≤ p˜,∫
Bk(ε)
(
ϕ
(u)
h,t (x)
)` ∣∣∣ϕ(u)h,t (x)∣∣∣2q dν(u) = O(h∞) as h→ 0+,
for ε > 0 and |t| > 0 sufficiently small depending on (M, g0) and p˜. The error is locally
uniform in x ∈ W ∩ (V −1(E))c where W is the open neighborhood of x∗ given by part
(B) of the admissibility condition.
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Using Lemma 4 and the binomial expansion for (ϕ+ ϕ¯)p = (2Reϕ)p, we prove that
for p ∈ Z+ odd,
E
[
Re(ϕ
(·)
h,t(x))
]p
= O(h∞), (7)
locally uniformly in W ∩ (V −1(E))c.
In Section 4 we study the variance of Re(ϕ
(·)
h,t(x)). Provided the perturbation is
admissible at x ∈ (V −1(E))c, the case p = 1 in (7) shows that our variables are
semiclassically centered in the sense
E
[
Re(ϕ
(·)
h,t(x))
]
= O(h∞).
Therefore,
V ar
[
Re(ϕ
(·)
h,t(x))
]
=
∫
Bk(ε)
|ϕ(u)h,t (x)|2 dν(u) +O(h∞). (8)
It follows that studying the variance is equivalent to understanding the behavior of the
right hand side in the previous equality. In Proposition 5 we compute the asymptotics
of the RHS in (8) and consequently prove Theorems 1 and 2.
In Section 5 we show that there always exist large families of admissible perturba-
tions. We show that the notion of admissibility is related to having sufficiently many
volume preserving directions in which the metric tensor g0 is perturbed (this is con-
dition A), and to having at least one direction in which g0 is conformally perturbed
(this is condition B).
Remark 4. We note here that there is an easy consequence of Theorem 1 (see also
Remark 3) that concerns restriction bounds of ϕ
(u)
h,t to smooth submanifolds H ⊂ M
under the assumption that the family gu is admissible for all x ∈M. Indeed, since our
upper bounds are then uniform in x ∈ M (see Remark 3), by integrating over H and
applying Fubini, one gets that for h ∈ (0, h0], there exist a constant C = C(H,h0) > 0
with ∫
Bk(ε)
∫
H
|ϕ(u)h,t (s)|2 dσH(s)dν(u) ≤ C.
By the Tschebyshev inequality, it then follows that for any sequence ω(h) = o(1) as
h → 0+, there is a measurable D(h) ⊂ Bk() with limh→0+ |D(h)||Bk()| = 1 such that for
u ∈ D(h), ∫
H
|ϕ(u)h,t (s)|2dσH(s) = O(|ω(h)|−1).
Therefore, the restriction bounds for most perturbed eigenfunctions are much smaller
than the universal bounds for
∫
H |ϕ
(0)
h,t(s)|2dσH(s) in [2, Theorem 3] and tend to be
consistent with the ergodic case [5, 15].
1.3. Acknowledgement. The authors would like to thank the referee for many help-
ful detailed comments on the manuscript and for pointing out an error in the previous
version of the paper.
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2. Background and Notation
In this section we introduce some background material on eigenfunction localization
and semiclassically cut off propagators. Most of this is standard in semiclassical anal-
ysis, but we include it for the benefit of the reader. We refer to [17] for further details.
Let M be a compact Riemannian manifold of dimension n. We work with the class of
semiclassical symbols
Sm,kcl (T
∗M) :=
{
a ∈ C∞(T ∗M×(0, h0]) : a(x, ξ;h) ∼h→0+ h−m
∞∑
j=1
aj(x, ξ)h
j
with |∂αx ∂βξ aj(x, ξ)| ≤ Cα,β (1 + |ξ|2)
k−|β|
2
}
.
For a ∈ Sm,kcl (T ∗M), we consider the Schwartz kernel in M ×M locally of the form
Oph(a)(x, y) =
1
(2pih)n
∫
Rn
e
i
h
〈x−y,ξ〉a(x, ξ;h) dξ,
for (x, y) ∈ U × V where U, V ⊂ Rn are local coordinate charts. The corresponding
space of pseudodifferential operators is defined to be
Ψm,kcl (M) := {Oph(a) : a ∈ Sm,kcl (T ∗M)}.
Let N be another compact n-dimensional Riemannian manifold. We also consider the
class of Fourier integral operators Im,kcl (M ×N,Γ) with Schwartz kernels defined in the
form
Fh(x, y) =
1
(2pih)n
∫
Rn
e
i
h
φ(x,y,ξ)a(x, y, ξ;h) dξ
for (x, y) ∈ U × V where U, V ⊂ Rn are local coordinate charts and a ∈ C∞0 (U ×
V × Rn × (0, h0]) with a(x, y, ξ;h) ∼h→0+ h−m
∑∞
j=1 aj(x, y, ξ)h
j . Here φ denotes a
non-degenerate phase function in the sense of Ho¨rmander [4, Def (2.3.10)] and Γ is an
immersed Lagrangian submanifold of T ∗M × T ∗M with
Γ = {(x, dxφ, y,−dyφ) : dξφ(x, y, ξ) = 0} ⊂ T ∗M × T ∗N.
Finally, throughout the manuscript we say that a sequence of L2-normalized eigen-
functions {ϕhj}j≥1 of P0(hj) with P0(hj)ϕhj = E(hj)ϕhj and E(hj) = E + o(1) is
quantum ergodic (QE) if for any a(x, ξ, h) ∼∑∞k=0 ak(x, ξ)hk ∈ S0,0cl (T ∗M × [0, h0)),
〈Ophj (a)ϕhj , ϕhj 〉 −→
j→∞
∫
p−10 (E)
a0(x, ξ)dωE(x, ξ) (9)
where, dωE is normalized Liouville measure on p
−1
0 (E).
2.1. Eigenfunction localization. Fix t 6= 0 and let E be a regular value of p0. Then,
for u ∈ Bk(ε) we introduce the cut-off functions on T ∗M
χ
(u)
E (x, ξ) = χ0
(
p0(G
−t
u (x, ξ))− E
)
, (10)
where χ0 ∈ C∞0 ([−, ]; [0, 1]) equal to 1 on [−/2, /2]. Consequently,
suppχ
(0)
E ⊂ p−10 ([E − ε, E + ε]). (11)
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Since χ
(u)
E (x, ξ) = χ0(p0(x, ξ)−E+O(|u|)), the support of χ(u)E remains localized near
the hypersurface p−10 (E) for all u ∈ Bk(ε) (see (13) below for precise control) and that
ϕ
(u)
h,t is a normalized eigenfunction of the operator
Qu(h) := e
− i
h
tPu(h)P0(h)e
i
h
tPu(h) ∈ Ψ0,2cl (M)
with eigenvalue E(h). By Egorov’s Theorem Qu(h) = Oph(p0 ◦ G−tu ) + OL2→L2(h),
and since E(h) ∈ [E − o(1), E + o(1)], it follows that (Qu(h) − E)ϕ(u)h,t = o(1). Using
that Qu(h) is h-elliptic off (p0 ◦G−tu )−1(E), a parametrix construction [17, Thm. 6.4]
gives ‖ϕ(u)h,t −Oph(χ(u)E )ϕ(u)h,t ‖L2 = O(h∞) and therefore WFh(ϕ(u)h,t ) ⊂ (p0 ◦G−tu )−1(E).
Fix t 6= 0 and  > 0 small. Given x ∈ M , there is a coordinate chart U with x ∈ U
and such that pi(G−tu (x, ξ)) ⊂ U for u ∈ Bk(ε). Then, since p0(G−t0 (x, ξ)) = p0(x, ξ),
by Taylor expansion around u = 0,
p0(G
−t
u (x, ξ)) = p0(x, ξ) +R1(x, ξ;u, t) (12)
where
|R1(x, ξ, u; t)| ≤
√
k max
u∈Bk(ε)
‖du(p0 ◦G−tu )(x, ξ)‖ |u|.
Here, given a arbitrary matrix A = (aij) we write ‖A‖ := maxi,j |aij |.
For t 6= 0 fixed, we define the constant
c := k max
u∈Bk(ε)
max
(p0◦G−tu )−1(E)
‖du(p0 ◦G−tu )(x, ξ)‖. (13)
It then follows from (12) that
(p0 ◦G−tu )−1(E) ⊂ p−10 (E − c‖u‖, E + c‖u‖)) (14)
for c > 0 in (13) and u ∈ Bk(ε). Consequently, WFh(ϕ(u)h,t ) ⊂ p−10 (E−cε, E+cε) and by
a Sobolev lemma argument one can also prove ‖ϕ(u)h,t −Oph(χ(u)E )ϕ(u)h,t ‖Ck = OCk(h∞).
It follows that
ϕ
(u)
h,t = Oph(χ
(u)
E ) ◦ e−
it
h
Pu(h) ◦Oph(χ(0)E ) ϕh +OCk(h∞), (15)
and from (14) and (11), with c > 0 in (13),
suppχ
(u)
E ⊂ p−10 ([E − − c‖u‖, E + + c‖u‖]). (16)
2.2. Semiclassically cut off propagators. Motivated by the approximation (15),
for h ∈ (0, h0], u ∈ Bk(ε) and |t| > 0 small, we define the semiclassically cut off Fourier
integral operators Wt,u(h) ∈ I0,−∞cl (M ×M,Γu,t),
Wt,u(h) := Oph(χ
(u)
E ) ◦ e−
it
h
Pu(h) ◦Oph(χ(0)E ), (17)
with immersed Lagrangian,
Γu,t =
{
(x, ξ; y, η) : (x, ξ) = G−tu (y, η), (y, η) ∈ suppχ(0)E
}
⊂ T ∗M × T ∗M.
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We note that since G−tu is then a symplectomorphism that is close to the iden-
tity, there exists a local generating function S(s, u, ξ;x) with (x, dxS(s, u, η;x)) =
G−tu (dηS(s, u, η;x, η), η) for s close to t. It follows that
Γu,t =
{(
x, dxS(t, u, η;x); dηS(t, u, η;x), η
) ∈ suppχ(u)E × suppχ(0)E }
⊂ T ∗M × T ∗M.
(18)
The generating function S(s, u, η;x) solves the Hamilton-Jacobi initial value problem{
∂sS(s, u, η;x) + pu(x, dxS(s, u, η;x)) = 0,
S(0, u, η;x) = 〈x, η〉,
and therefore, a Taylor expansion in s around s = 0 gives
S(s, u, η;x) = 〈x, η〉 − s pu(x, η) +O(s2). (19)
Given local coordinate charts U, V ⊂ Rn consider the local phase function φt ∈
C∞(V ×Bk(ε)× Rn),
φt(y, u, ξ;x) := S(t, u, ξ;x)− 〈y, ξ〉. (20)
The Schwartz kernel of Wt,u(h) is locally of the form
Wt,u(h)(x, y) =
1
(2pih)n
∫
Rn
e
i
h
φt(y,u,ξ;x)at(u, y, ξ;x, h) dξ +Kx(y, u), (21)
where |∂αx ∂βyKx(y, u)| = Oα,β(h∞) uniformly for (y, x, u) ∈ V × U ×Bk(ε).
The amplitude at(u, y, ξ;x, h) ∼
∑∞
j=0 at,j(u, y, ξ;x)h
j with
at,j(u, ·, · ; ·) ∈ C∞(Bk(ε), C∞0 (V × Rn × U)).
From (14) it is clear that the support of χ
(u)
E remains localized near the hypersurface
p−10 (E) for all u ∈ Bk(ε); indeed, with the constant c > 0 in (13),
supp (at(u, ·, · ; ·, h)) ⊂ {(y, ξ, x) ∈ T ∗U × V :(y, ξ) ∈ suppχ(0)E ⊂ p−10 (E − ε, E + ε),
y = dξS(t, u, ξ;x) = x+Ou(t)}. (22)
We note that since t 6= 0 is a fixed small parameter and u ∈ Bk(ε) with  > 0
small, it follows from (22) that the amplitudes at,j(u, ·, ·; ·) are supported near the set
{(y, ξ, y) ∈ T ∗U × U}. Similarily, the Lagrangian manifolds Γt,u ⊂ T ∗M × T ∗M are
localized near the diagonal ∆T ∗M×T ∗M = {(x, ξ;x, ξ) ∈ T ∗M × T ∗M}.
3. Odd moments
The purpose of this section is to show that provided the metric g0 is conformally
deformed in at least one direction, its odd moments are negligible for general geo-
desic flows. Throughout this section we continue to assume that (M, g0) is a compact
Riemannian manifold and E is a regular value of p0. We prove
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Proposition 3. Let gu with u ∈ Bk(ε) be a perturbation of g0 that satisfies part (B)
of the admissibility condition at x∗ ∈ M . Fix p˜ ∈ Z+ and suppose p ∈ Z+ is odd with
p ≤ p˜. Then, for ε > 0 and |t| > 0 sufficiently small depending on (M, g0) and p˜,
E
[
Re(ϕ
(·)
h,t(x))
]p
= O(h∞) as h→ 0+, (23)
locally uniformly for x ∈ W∩ (V −1(E))c. Here W is the open neighborhood of x∗ given
by part (B) of the admissibility condition.
Proof. Given p ≤ p˜ odd,
E
[
Re(ϕ
(·)
h,t(x))
]p
=
∫
Bk(ε)
(
Re(ϕ
(u)
h,t (x))
)p
dν(u),
and for any complex ϕ the binomial expansion of (ϕ+ ϕ¯)p = (2Reϕ)p for p odd gives
(Reϕ)p =
1
2p
∑
0≤j< p
2
(
p
j
)
ϕp−2j |ϕ|2j + 1
2p
∑
p
2
<j≤p
(
p
j
)
ϕ¯ 2j−p |ϕ|2(p−j). (24)
Therefore, to prove Proposition 3, it suffices to show that∫
Bk(ε)
(
ϕ
(u)
h,t (x)
)` ∣∣∣ϕ(u)h,t (x)∣∣∣2q dν(u) = O(h∞) for 1 ≤ ` ≤ p˜, 2q ≤ p˜, (25)
locally uniformly in x ∈ W ∩ (V −1(E))c as h→ 0+.
Since the proof of (25) is somewhat technical, we prove it separately as Lemma 4.
Combining (25) with the binomial expansion (24) completes the proof. 
We have reduced the proof of Proposition 3 to establishing the following Lemma.
Lemma 4. Let gu with u ∈ Bk(ε) be a perturbation of g0 that satisfies part (B) of the
admissibility condition at x∗ ∈ M . Fix p˜ ∈ Z+ and suppose `, q ∈ Z+ with 1 ≤ ` ≤ p˜
and 2q ≤ p˜. Then, for ε > 0 and |t| > 0 sufficiently small depending on (M, g0) and p˜,∫
Bk(ε)
(
ϕ
(u)
h,t (x)
)` ∣∣∣ϕ(u)h,t (x)∣∣∣2q dν(u) = O(h∞) as h→ 0+,
locally uniformly for x ∈ W∩(V −1(E))c. Here W is the open neighborhood of x∗ given
by part (B) of the admissibility condition.
Proof. We identify the product manifold M (`+2q) with M (`) ×M (q) ×M (q) and write
(y˜, z˜, z˜′) := (y(1), . . . , y(`), z(1), . . . , z(q), z′(1), . . . , z′(q)) ∈ V (`+2q) for the local coordi-
nates .
By assumption, there exists a ∈ C∞(M) so that δuαg−1u (x) = a(x) g−10 (x) with
a(x) 6= 0 for all x ∈ W. Let us continue to write χ for the cut-off function appearing in
the definition of the probability measure ν, and ck(ε) for the corresponding normalizing
factor in (5). Since from (15), ϕ
(u)
h,t (x) = [Wt,u(h)ϕh](x) + O(h∞), writing Wt,u(x, y)
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for the kernel of Wt,u we get∫
Bk(ε)
(
ϕ
(u)
h,t (x)
)` ∣∣∣ϕ(u)h,t (x)∣∣∣2q dν(u) =
=
∫
Bk(ε)
(
[Wt,u(h)ϕh](x)
)` ∣∣[Wt,u(h)ϕh](x)∣∣2q dν(u) +O(h∞)
= ck(ε)
∫
Bk(ε)
∫
M`+2q
B
[`,q]
t,u (y˜, z˜, z˜
′;x, h)ϕh(y(i))ϕh(z(j))ϕh(z′(j))χ2(u)dy˜dz˜dz˜′du+O(h∞),
(26)
where B
[`,q]
t,u ∈ C∞(V (`+2q) × U × [0, h0)) is defined by the formula
B
[`,q]
t,u (y˜, z˜, z˜
′;x, h) :=
∏
1≤i≤`
1≤j≤q
Wt,u(x, y
(i))Wt,u(x, z
(j))Wt,u(x, z′(j)).
From (21) we deduce the kernel expansion
B
[`,q]
t,u (y˜, z˜, z˜
′;x, h) =
=
1
(2pih)n(2q+`)
∫
Rnq
∫
Rnq
∫
Rn`
e
i
h
Φ
[`,q]
t (y˜,z˜,z˜
′,u,ξ˜,η˜,η˜′;x) c
[`,q]
t (u, y˜, z˜, z˜
′, ξ˜, η˜, η˜′;x, h) dξ˜ dη˜ dη˜′
+Kx(y˜, z˜, z˜
′, u), (27)
for Φ
[`,q]
t , c
[`,q] and Kx as follows:
(i) The phase function Φ
[`,q]
t is defined by
Φ
[`,q]
t (y˜, z˜, z˜
′, u, ξ˜, η˜, η˜′;x) :=
=
∑`
j=1
φt
(
y(j), u, ξ(j);x
)
+
q∑
j=1
φt
(
z(j), u, η(j);x
)
− φt
(
z′(j), u, η′(j);x
)
, (28)
where φt is given in (20).
(ii) The amplitude c
[`,q]
t satisfies
c
[`,q]
t (u, y˜, z˜, z˜
′, ξ˜, η˜, η˜′ ;x, h) ∼h→0+
∞∑
j=0
c
[`,q]
t,j (u, y˜, z˜, z˜
′, ξ˜, η˜, η˜′ ;x)hj
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with c
[`,q]
t,j (u, ·, · ; ·) ∈ C∞
(
Bk(ε), C∞0 (V (`+2q) × Rn(`+2q) × U)
)
for U, V ⊂ Rn local
coordinate charts as in (20). Moreover,
supp (c
[`,q]
t (u, y˜, z˜, z˜
′, · ;x, h)) ⊂{
(ξ˜, η˜, η˜′) : (x, ξ(i)), (x, η(j)), (x, η′(j)) ∈ p−10 (E − cε, E + cε), x ∈ U, i ≤ `, j ≤ q
}
⊂ Rn(`+2q). (29)
(iii) The residual operator Kx satisfies
|∂αx ∂β(y˜,z˜,z˜′)Kx(y˜, z˜, z˜′, u)| = Oα,β(h∞)
locally uniformly in (y˜, z˜, z˜′, u) ∈ V (`+2q) ×Bk(ε).
Claim. For ε > 0 and |t| > 0 sufficiently small, there exists C = C(t, ε, E, g0) > 0
such that for (ξ˜, η˜, η˜′) ∈ supp (c[`,q]t (u, y˜, z˜, z˜′, · ;x, h)),∣∣∣∂uαΦ[`,q]t (y˜, z˜, z˜′, u, ξ˜, ξ˜′, η˜, η˜′;x)∣∣∣ ≥ C > 0, (30)
where this bound holds locally uniformly for (y˜, z˜, z˜′) ∈ M (`+2q), u ∈ Bk(ε), and
x ∈ W ∩ (V −1(E))c.
To prove this claim we first observe that since δuαg
−1
u (x) = a(x)g
−1
0 (x) for x ∈ W,
δuαpu(x, ξ) = a(x)|ξ|2g0(x). (31)
Also, from the Taylor expansion of the generating function (19) around s = 0,
together with (20), we know that for x ∈ W
φt(y, u, η;x) = 〈x− y, η〉 − tpu(x, η) +O(t2), (32)
where in (32), the error O(t2) depends on p˜. Combining (28) with (32) and (31), for
x ∈ W we get
∂uαΦ
[`,q]
t (y˜, z˜, z˜
′, u, ξ˜, η˜, η˜′;x) =
= −t a(x)
∑`
i=1
|ξ(i)|2g0(x) +
q∑
j=1
|η(j)|2g0(x) −
q∑
j=1
|η′(j)|2g0(x) +O(|u|)
+O(t2).
From the support conditions on the amplitude c
[l,q]
t in (29), we have that |ξ(j)|2g0(x) +
V (x) = E +O(ε), |η(j)|2g0(x) + V (x) = E +O(ε) and |η′(j)|2g0(x) + V (x) = E +O(ε) for
i ≤ ` and j ≤ q. Therefore, for x ∈ W,
∂uαΦ
[`,q]
t (y˜, z˜, z˜
′, u, ξ˜, η˜, η˜′;x) = −t a(x)
(
` (E − V (x)) + (`+ 2q + 1)O(ε)
)
+O(t2),
(33)
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and so∣∣∣∂uαΦ[`,q]t (y˜, z˜, z˜′, u, ξ˜, ξ˜′, η˜, η˜′;x)∣∣∣ ≥ |ta(x)| · |` (E − V (x)) + 2p˜O(ε)|+O(t2), (34)
uniformly in all variables. Given a compact subset K ⊂ W ∩ (V −1(E))c, for x ∈ K,
one has |V (x)− E| ≥ 1C0 > 0 for some constant C0 > 0. Since a(x) 6= 0 for all x ∈ W,
from (34) it follows that for such a given compact set K and number of odd moments
p˜ ∈ Z+, we can choose  > 0 and t 6= 0 sufficiently small (depending on p˜ and K)
so that the RHS of (34) is uniformly bounded away from zero. We conclude that the
claim in (30) holds for x ∈ W ∩ (V −1(E))c.
We then use the operator
(
h
i ∂uαΦ
[`,q]
t
)
∂
∂uα
, to repeatedly integrate by parts in (26)
and obtain
B
[`,q]
t,u (h)(y˜, z˜, z˜
′;x, h) = O(h∞)
locally uniformly for (y˜, z˜, z˜′) ∈M (`+2q), u ∈ Bk(ε) and x ∈ W ∩ (V −1(E))c. We note
that there are no boundary term contributions arising from the integration by parts
since χ(u) = 0 for u ∈ ∂Bk(ε). From (26) it follows that∫
Bk(ε)
(
ϕ
(u)
h,t (x)
)` ∣∣∣ϕ(u)h,t (x)∣∣∣2q dν(u) = O(h∞),
locally uniformly in x ∈ W ∩ (V −1(E))c.

4. Variance
As explained in the Introduction (see (8)), provided the perturbation is admissible
at x ∈ (V −1(E))c, the case p = 1 in Proposition 3 shows that our random variables
are semiclassically centered in the sense
E
[
Re(ϕ
(·)
h,t(x))
]
= O(h∞).
Therefore,
V ar
[
Re(ϕ
(·)
h,t(x))
]
=
∫
Bk(ε)
|ϕ(u)h,t (x)|2 dν(u) +O(h∞).
It then follows that studying the variance is equivalent to understanding the behavior
of the right hand side in the previous equality. We compute the asymptotics of the
RHS in the next Proposition.
Proposition 5. Let gu be admissible at x∗ ∈ M and let U be the neighborhood of x∗
given in Remark 1. For ε > 0 and |t| > 0 sufficiently small, there exist a choice of
coordinates u′′ ∈ Bk−n(ε) and corresponding operators At,x,u′′(h) ∈ Ψ0,−∞cl (M) defined
for all (x, u′′) ∈ U ×Bk−n(ε), such that∫
Bk(ε)
∣∣∣ϕ(u)h,t (x)∣∣∣2 dν(u) = ck(ε) ∫
Bk−n(ε)
〈
At,x,u′′(h)ϕ~, ϕ~
〉
L2(M)
du′′ +O(h∞). (35)
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Proof. By Remark 1, we choose U ⊂M to be an open neighborhood of x∗ so that the
admissibility condition (A) holds on U . That is, given the constant c > 0 in (13) and
some subset of n coordinates of u, which we denote u′ ∈ Bn(ε), so that the matrix
du′dξ(pu(x, ξ)) is invertible for (x, ξ) ∈ p−10 (E − cε, E + cε), (x, u) ∈ U ×Bk(ε).
(36)
We write u′′ ∈ Bk−n(ε) for the omitted variables and assume that the coordinates of
u are ordered so that u = (u′, u′′).
Write Wt,u(h)(x, y) for the Schwartz kernel of Wt,u(h). Then, for u
′′ ∈ Bk−n(ε) and
x ∈ U , we define a new family of operators
Wˆt,x,u′′(h) : C
∞(M)→ C∞0 (Bn(ε)), (37)
with Schwartz kernels
Wˆt,x,u′′(h)(u
′, y) := χ(u) ·Wt,u(h)(x, y), u = (u′, u′′) ∈ Bk(ε),
where we continue to write χ for the cut-off function appearing in the definition of the
probability measure ν in (5). By (15),
χ(u)ϕ
(u)
h,t (x) = χ(u) [Wt,u(h)ϕh](x) +O(h∞) = [Wˆt,x,u′′(h)ϕh](u′) +O(h∞),
and so,∫
Bk(ε)
∣∣∣ϕ(u)h,t (x)∣∣∣2 dν(u) = ck(ε)∫
Bk(ε)
∣∣∣Wˆt,x,u′′(h)ϕ~(u′)∣∣∣2 du+O(h∞)
= ck(ε)
∫
Bk−n(ε)
〈
Wˆt,x,u′′(h)ϕ~, Wˆt,x,u′′(h)ϕ~
〉
L2(Bn(ε))
du′′ +O(h∞).
(38)
From (21), the Schwartz kernel of Wˆt,x,u′′(h) is given by
Wˆt,x,u′′(h)(u
′, y) =
1
(2pih)n
∫
Rn
e
i
h
φt(y,u′,u′′,ξ;x)at(u, y, ξ;x, h)χ(u) dξ +Kx(y, u), (39)
where |∂αx ∂βyKx(y, u)| = Oα,β(h∞) uniformly in (x, y, u) ∈ U × V × Bk(ε) for ε > 0
small, where U, V ⊂ Rn are local coordinate charts with U ⊂ U . The amplitude
at(u, y, ξ;x, h) ∼
∑∞
j=0 aj(u, y, ξ;x)h
j with aj(u, ·, · ; ·) ∈ C∞(Bk(ε), C∞0 (V ×Rn×U)).
Moreover, we recall from (22) that supp (at(u, ·, · ; ·, h)) ⊂ {(y, ξ, x) ∈ T ∗U×V : (x, ξ) ∈
p−10 (E − cε, E + cε), y = dξS(t, u, ξ;x) = x+Ou(t)}.
By the same argument presented in [8, Prop. 4.1], it can be shown that for x ∈ U,
ε > 0 and |t| 6= 0 small enough, Wˆt,x,u′′(h) ∈ I0,−∞cl (M ×Bn(ε); Γt,x,u′′) with
Γt,x,u′′ := {(u′, du′S(t, u, η;x)), dηS(t, u, η;x), η) : (dηS(t, u, η;x), η) ∈ suppχ(0)E }
⊂ T ∗Bn(ε)× T ∗M. (40)
where u := (u′, u′′) ∈ Bk(ε) for ε small, and x ∈ U . It remains to show that Γt,x,u′′ is
a canonical graph.
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We recall that if (dηS(t, u, η;x), η) ∈ suppχ(0)E for u ∈ Bk(ε) then one gets that
(x, dxS(t, u, η;x)) ∈ suppχ(u)E ⊂ p−10 ((E− (c+ 1)ε, E+ (c+ 1)ε)) with c > 0 as in (13).
By (40) and the admissibility assumption (B) it follows that by possibly shrinking
t 6= 0, we can ensure that there is a constant C0 > 0, such that the non-degeneracy
condition
det(du′dηφt(y, u
′, u′′, η;x)) = |t|n (det(du′dηpu(x, η)) +O(t2)) ≥ C0|t|n, (41)
holds uniformly for (u, y, η) with (y, η) ∈ suppχ(0E and y = dηS(t, u, η;x). Now, for u′′
fixed and x ∈ U , consider the map
(u′, y, η) 7→ dηφt(y, u′, u′′, η;x), (u′, τ ; y, η) ∈ Γt,x,u′′ .
We claim that due to the the non-degeneracy condition (41), the Lagrangian (40) is a
canonical graph. Indeed, (41) allows us to apply the Implicit Function Theorem and
locally write u′ = u′(y, η) satisfying
u′ = u′(y, η) when dηφt(y, u′, u′′, η;x) = 0, (42)
for x ∈ U . Then, taking into account that for x ∈ U
dηφt(y, u
′, u′′, η;x) = 0 when y = dηS(t, u′, u′′, η;x),
we write (y, η) ∈ V ×Rn as local parametrizing variables for Γt,x,u′′ as in (40) and get:
Γt,x,u′′ =
{(
u′(y, η), du′S
(
t, u′(y, η), u′′, η;x
)
; y, η
)
: (43)
(y, η) ∈ suppχ(0)E , y = dηS(t, u′, u′′, η;x)
}
. (44)
For u′′ ∈ Bk−n(ε) and x ∈ U define the operators
At,x,u′′(h) : C
∞(M)→ C∞(M),
At,x,u′′(h) :=
(
Wˆt,x,u′′(h)
)∗ ◦ (Wˆt,x,u′′(h)). (45)
Since Wˆt,x,u′′(h) ∈ I0,−∞cl (M × Bn(ε); Γt,x,u′′) and the immersed Lagrangian Γt,x,u′′
is a canonical graph, the operator
At,x,u′′(h) ∈ Ψ0,−∞cl (M),
for x ∈ U and u′′ ∈ Bk−n(ε). From (38) and (45) it follows that∫
Bk(ε)
∣∣∣ϕ(u)h,t (x)∣∣∣2 dν(u) = ck(ε)∫
Bk−n(ε)
〈
At,x,u′′(h)ϕ~, ϕ~
〉
L2(M)
du′′ +O(h∞).

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4.1. Proof of Theorem 1. Since M is compact we choose a finite covering
M ⊂
N⋃
j=1
Vxj
where xj ∈M and Vxj =Wxj ∩Uxj . HereWxj is given by part (B) of the admissibility
condition at xj , and Uxj is given in Remark 1.
Fix j ∈ {1, . . . , N} and let x ∈ Vxj . To prove the first part of Theorem 1 we note
that Proposition 5 gives At,x,u′′(h) ∈ Ψ0,−∞cl (M). Thus, by L2 boundedness there exists
a constant Cj = Cj(ε, t, E, g0) > 0 such that
〈At,x,u′′(h)ϕ~, ϕ~〉L2(M) ≤ Cj
uniformly in (x, u′′, h) ∈ Vxj ×Bk−n(ε)× (0, h0]. Therefore, from (8) and (35) one can
choose a positive constant C > 0 so that the first part of the statement of Theorem 1
holds uniformly for x ∈ K, where K ⊂ (V −1(E))c is any compact subset.
To prove the second part of Theorem 1 regarding the odd moments we simply apply
Proposition 3 in each neighborhood Vxj .

4.2. Proof of Theorem 2. From Proposition 5 and equation (8),
lim
h→0+
V ar
[
Re
(
ϕ
(·)
h,t(x)
)]
= lim
h→0+
∫
Bk(ε)
∣∣∣ϕ(u)h,t (x)∣∣∣2 dν(u)
= lim
h→0+
ck(ε)
∫
Bk−n(ε)
〈
At,x,u′′(h)ϕ~, ϕ~
〉
L2(M)
du′′.
(46)
Since (ϕh) is a quantum ergodic sequence,
lim
h→0+
〈
At,x,u′′(h)ϕ~, ϕ~
〉
L2(M)
=
1
|p−10 (E)|
∫
p−10 (E)
σ0(At,x,u′′(h))(y, η) dωE(y, η). (47)
In addition, following the same argument presented in Corollary 4.2 of [8], the
principal symbol can be locally written as
σ0
(
At,x,u′′(h)
)
(y, η) = |χ(u′,u′′)E (x, η)|2
|det(dxpiG−t(u′,u′′)(x, η))|
| det(du′dηS(t, x, η;u′, u′′))| χ
2(u′, u′′)
= |χ(u′,u′′)E (x, η)|2
| det(dxpiG−t(u′,u′′)(x, η))|
|t|n |det(du′dη p(u′,u′′)(x, η))|
(1 +O(t))χ2(u′, u′′)
(48)
for u′ = u′(y, η) parametrizing the Lagrangian Γt,x,u′′ regarded as a canonical graph.
The first statement of Theorem 2 then follows by combining (46), (47) and the expres-
sion for the principal symbol (48).
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The second statement of Theorem 2 about odd moments is a direct application of
the second part of Theorem 1.

5. Admissible perturbations
In this section we study the geometry behind the admissibility condition and show
that perturbations satisfying such conditions always exist. It is clear that one can al-
ways have perturbations satisfying part (B) of the admissibility condition. We therefore
focus on proving the existence of metric perturbations satisfying condition (A). The
symbol pu : T
∗M → T ∗M defined in (3) has the form
pu(x, ξ) =
n∑
i,j=1
giju (x)ξiξj + V (x).
Write M for the space of Riemannian metrics on M . For each coordinate us of u
define the symmetric tensor hus := δusg
−1
u and write in local coordinates
hus = h
ij
us dxi ⊗ dxj , hijus := δusgiju . (49)
It is straight forward to check that ∂us∂ξipu(x, ξ)
∣∣
u=0
= 2
∑n
l=1 h
li
us(x) ξl. Thereby, a
metric perturbation satisfies condition (A) provided there exist c > 0 and an n-tuple
u′ = (u1, . . . , un) of coordinates of u so that for all (x, ξ) ∈ p−10 (E − cε, E + cε), the
matrix
(∑n
l=1 h
li
uj (x) ξl
)
i,j=1,...,n
is invertible. By definition, the notion of admissibil-
ity depends on the direction, inside the space of symmetric tensors, in which g0 is
deformed. In what follows we show that the admissibility condition is directly related
to performing the deformation gu in sufficiently many volume preserving directions,
described below.
Let P denote the multiplicative group of positive smooth functions on M , which we
refer to as pointwise conformal deformations. P acts on M by multiplication
P ×M→M, (p, g)→ pg.
Given g0 ∈ M, the orbit of g0 under P denoted by P · g0, is a closed submanifold of
M with tangent space at g0 given by
Tg0(P · g0) = {v ∈ S2(M) : v = f g0, f ∈ C∞(M,R)}. (50)
Let µ be a volume form on M and define Nµ := {g ∈M : µ = µg} where µg denotes
the Riemannian volume measure associated to g. Pointwise conformal transformations
g0 7→ fg0 multiply the volume form µg0(x) at a point x by (f(x))n/2. Transverse to the
orbit of g0 by the action of pointwise conformal transformations is the sub manifold
Nµg0 of all metrics g on M with the fixed volume form; equivalently, the determinant
det(gij(x)) is preserved for all x. It is well-known that the tangent space to the space
of symmetric matrices with fixed determinant consists of symmetric traceless matrices.
Accordingly, it can be shown (cf. [6]) that the tangent space Tg0Nµg0 is given by
Tg0(Nµg0 ) = {v ∈ S2(M) : (trg0v)(x) = 0, ∀x ∈M}. (51)
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For every metric g0 ∈M the space of symmetric tensors has the pointwise orthogonal
splitting
Tg0M = Tg0(Nµg0 )⊕ Tg0(P · g0)
where every v ∈ S2(M) is decomposed as v = (v − trg0vn g0) + 1n(trg0v) g0.
Let gu be a metric deformation of g0; we continue to write hus = δusg
−1
u . Working
in geodesic normal coordinates at x∗, it is not difficult to show that volume-preserving
deformations are characterized by the condition trg−10
(hus(x)) = 0 for all s. We shall
show below that the admissibility condition holds for such deformations.
5.1. Surfaces. On surfaces, we claim that perturbations gu that have two linearly
independent u-derivatives in the volume preserving directions are admissible.
Proposition 6. Let (M, g0) be a compact Riemannian surface. Let E be a regular
value of p0. Suppose gu with u ∈ Bk(ε) is a perturbation of g0 such that there exist two
coordinates u′ = (u1, u2) of u for which hu1(x) and hu2(x) (as defined in (49)) are lin-
early independent tensors with trg−10
(hu1)(x) = trg−10
(hu2)(x) = 0 at some x /∈ V −1(E).
Then, for ε small enough, the perturbation gu satisfies part (A) of the admissibility
condition at x.
Proof. Let x∗ ∈ M be such that x belongs to a geodesic ball cantered at x∗, and
consider normal coordinates at x∗. In these coordinates, g0ij (x) = δij +O(|x|2) for x
being at a small distance |x| from x∗. Therefore, since trg−10 (hus)(x) = 0 for s = 1, 2,
we have h11us(x) = −h22us(x) +O(|x|2) for s = 1, 2. It is straight forward to check
det
 2∑
j=1
hijus(x) ξj

s,i=1,2
= |ξ|2g0(x)
(
det
(
h11u1(x) h
11
u2(x)
h12u1(x) h
12
u2(x)
)
+O(|x|2)
)
.
Since we are only interested in what happens when |ξ|2g0(x) + V (x) = E +O(ε), the
result follows from the assumption V (x) 6= E and the fact that hu1(x) and hu2(x) are
linearly independent tensors. 
5.2. Manifolds. In what follows we show that on an n-dimensional manifold we can
always have admissible perturbations.
Let M be an n-dimensional compact manifold and fix x∗ ∈M . Consider a geodesic
normal coordinate system at x∗. We shall consider deformations of the reference metric
g0 that, as in the surface case, preserve the volume form. Infinitesimally, as explained
in (51), the corresponding quadratic form is given by a traceless symmetric matrix.
The space of traceless symmetric tensors at x ∈M) has dimension
κn :=
n2 + n− 2
2
, (52)
and the basis of the space of such forms is given by
ξ21 − ξ2i , 2 ≤ i ≤ n; and ξjξk, 1 ≤ j < k ≤ n,
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for ξ = (ξ1, . . . , ξn) ∈ T ∗xM ; we denote these polynomials evaluated at x = x∗ by qj(ξ)
for j = 1, . . . , κn.
Note that since we are using normal coordinates centred at x∗ then |ξ|2g0(x∗) =
∑
i ξ
2
i ,
and remark that the polynomials qj(ξ) form a basis in the space of spherical harmonics
of degree two on the sphere Sn−1x∗ = {ξ ∈ T ∗x∗M : |ξ|g0(x∗) = 1} with the round metric
gSn−1x∗
. In the proof we shall use a computation showing that the round metric on
Sn−1x∗ is an extremal for the second eigenvalue of the Laplacian in the space of nearby
Riemannian metrics. We refer to [7, 12, 14] and references therein for a description of
general theory of such metrics.
Below we summarize several well-known facts about extremal metrics. Let g0 be an
extremal metric on a compact d-dimensional manifold N . Then
a) If (N, g0) is a homogeneous space (e.g. a round S
n−1), then the metric g0 is
extremal for all eigenvalues of the Laplacian ∆g0 .
b) If g0 is extremal for an eigenvalue λ (of multiplicity m), and ϕ1, . . . , ϕm form
an orthonormal basis of the corresponding eigenspace Eλ, then
m∑
j=1
dϕj ⊗ dϕj = (λ/2)g0. (53)
We remark that one can show that m > d in (53).
Claim 1. Assume that {ϕ1, . . . , ϕm} satisfy (53). Then the (jacobian) matrix
∂(ϕ1, . . . , ϕm)
∂(x1, . . . , xd)
has the maximal possible rank d.
Proof. Assume that the rank is less than d. Than the quadratic form
∑m
j=1 dϕj ⊗ dϕj
cannot be positive-definite; however by assumption it is proportional to the positive-
definite Riemannian metric g0 on N . Contradiction finishes the proof. 
The existence of admissible perturbations will follow from Claim 1.
We shall show that a metric perturbation is admissible if it is of the form
g−1u (x) = g
−1
0 (x) +
κn∑
j=1
uj hj(x), (54)
where hj(x)(ξ, ξ) are homogeneous of degree 2 in the ξ variables and are required to
satisfy the following conditions:
(a) hj(x∗)(ξ, ξ) = qj(ξ), 1 ≤ j ≤ κn;
(b) hj are C
2 tensors.
Proposition 7. Let a perturbation of gu of g0 have the form (54) with hj satisfying
conditions (a) and (b). Then there exist ε > 0 and δ > 0 such that for all u ∈ Bn(ε) the
perturbation gu satisfies part (A) of the admissibility condition at x for x ∈ B(x∗, δ).
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Proof. Clearly, ∂uj (|ξ|gu(x∗)) = qj(ξ), and hence the j-th column (say) of the mixed
hessian matrix dξdupu(x∗, ξ) corresponds to the gradient dξqj(ξ).
Now, since the sphere Sn−1x∗ is a homogeneous space, the round metric gSn−1x∗ is a
critical metric for the corresponding eigenvalue functional g 7→ λ(g) ·Vol(g)2/n, where
λ denotes the second positive eigenvalue (without multiplicity) of the Laplacian.
By (53) ([7, 12, 14]), the L2-normalized basis of the eigenspace E(λ) (which can be
chosen as {q1(ξ), . . . , qκn(ξ)} in our case) satisfies
κn∑
j=1
dξqj ⊗ dξqj = cλ gSn−1x∗ , c 6= 0.
By Claim 1, the subspace spanned by dξq1(ξ), . . . , dξqκn(ξ) has the full dimension n−1
in T ∗ξ (S
n−1
x∗ ) at any point ξ ∈ Sn−1x∗ . This shows that {dξqj(ξ) : 1 ≤ j ≤ κn} span the
full T ∗ξ (S
n−1
x∗ ), which proves the required non-degeneracy condition.
Next, since hj are C
2 in (x, ξ) by condition (b), the rank of dξdupu(x, ξ) changes
continuously in x and so is equal to n− 1 for x ∈ B(x∗, δ) on M for some δ > 0. 
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